ABSTRACT. The cohomology classes χ, = [Λ",-]* € H 2 (X(C), Z) are studied, where X\, ... , X m are the connected components of the set of real points X(M.) of a real algebraic GM-surface X and X(M) = X\ U • -· υ X m is assumed to be orientable. The results are applied to obtain congruences for the Euler characteristic of X(S.).
INTRODUCTION
Let I bea nonsingular projective real algebraic surface, and let τ: X(C) -> X(C) be the involution of complex conjugation. Put Υ = X{C)/x and denote by π: X(C) -> y the corresponding projection. Let X\, ... , X m be the connected components of X(R), and let x, = [X,]* e H 2 (X(C), F 2 ) (i e {I, ... , m}) be their cohomology classes. We may assume that the components X\, ... , X m are embedded in Υ; since Υ is a differentiable fourfold, the cohomology classes y, = [Χί] γ £ H 2 (Y, F 2 ) are defined. In the present paper we prove, in particular, the following
Theorem 1. If X is a GM-surface, then the kernel of the natural homomorphism π*: H 2 (Y, F 2 ) -> H 2 {X{C), F 2 ) is spanned by the cohomology classes y\, ... , y m •
Suppose that all the surfaces X\, ... , X m are orientable. We choose an orientation and denote by X^ , ... , X^ the oriented components. These oriented components define the cohomology classes JC+ = [Xf]* e H 2 (X(C), Z) (/ e {1, ... , m)). In addition to these cohomolgy classes we will consider the cohomology classes x+ e H 2 {X(C); G,Z), where G = {e, τ}, also defined by the oriented surfaces X, + , ... , ΛΓ+ . A precise definition of these cohomology classes is given in §1.2, and now we only remark that under the canonical homomorphism a: H 2 
(X(C); G, Z) -> H
2 {X(C), Z) the cohomology classes xf , ... , x+ are mapped to xf, ... , x+ .
In this paper we prove the following Theorem 2.
H 2 (X(C) ;G,Z) = π*Η 2 (Υ; G, Z) +^(x+ , ... , x+),
where -S^xf , ... , x£) is the linear span of xj", ... , x+ and the involution τ acts trivially on Υ.
V. A. KRASNOV
We denote by χ (resp. Xi) the Euler characteristic of X(R) (resp. Xi) and by σ the signature of X(C). Using Theorem 1, in the present paper we prove the following Two special cases of this theorem for surfaces with H\(X{C), Z) = 0 were proved in [1] . In the first case it is assumed that the quadratic form on H 2 {X(C), Z) is even and the surface X(R) is orientable. In the second case the assumption is that the quadratic form on H 2 (X{C), Z) is odd and the surface X(R) has one nonorientable component. The following result of A. L. Slepyan [2] is also a special case of Theorem 3: If C is a plane curve of degree 2k such that C(R) disconnects C(C) and the characteristic of each odd oval is even, then ρ -η = k 2 (mod 8). Using the corollary of Theorem 2, in the present paper we prove the following For surfaces with H\(X(C), Z) = 0 this theorem was proved in [1] . We remark that in the proof of Theorem 4 we use constructions from [1] , but, due to the corollary of Theorem 2, our proof does not rely on complicated theorems from number theory. §1. GENERAL THEOREMS ON COHOMOLOGY CLASSES DEFINED BY REAL POINTS 1.1. The kernel of the homomorphism π*:
Theorem 4. Let X be a surface such that H*(X(C), Z) is a free group, X(R) = X t U---UX m is an orientable surface, and [X(R)]
By [3] , this spectral sequence yields the following five-term exact sequence:
We compute the homomorphism H°{X(R), Proof. Let I/, be an open ε-neighborhood of Xi in X{C) with respect to a τ-invariant Riemann metric and put V[ = ί/,/τ. Denote by (F 2 )c/, the kernel of the restriction homomorphism F 2 -* F 2 | ",", ,, ; this is a sheaf on X(C). In a similar way we define a sheaf (F 2 )F, on Υ . The inclusion of the sheaf (F 2 ) t / 1 in F 2 induces a homomorphism of the five-term exact sequence for the sheaf {¥ 2 )u, to the exact sequence (1); in particular, we have a commutative diagram
The group H°(Xi, F 2 ) has a single generator which is mapped to X, under the homomorphism /7°(Xi, F 2 ) -> H°(X(R), F 2 ) in diagram (2) 
According to [3] , this composition coincides with the homomorphism
which is equal to zero. It remains to observe that the homomorphism
is an isomorphism. This follows from the spectral sequence
The lemma is proved. 
it coincides with the homomorphism π:
We need to show that the intersection of the image of
is trivial. To this end we consider the exact sequence of type (1) for the sheaf F 2 on X(R):
Since the composition of maps
coincides with the identity map, the image of the homomorphism
where the vertical arrows are restriction homomorphisms. Since X is a GM-surface, the restriction homomorphism
is an inclusion (cf. [4] ). From the above observation on the image of the homomorphism 
(X(C), X(C)\X(R); Z) -• H 2 (X(C), Z). The canonical homomoφhism ά: H 2 (X(C),X(C)\X{R); G, Z) ^ H 2 (X(C), X{C)\X(R); Z)
is an isomorphism; this follows from the second spectral sequence
We denote by x|, ... , x+ the preimages ά" 1 (.*+), ... , Q" 1^) · By definition, their images under the homomorphism
are equal to x|, ... , x+ . We observe that the canonical homomorphism a:
maps the cohomology classes x|,..., X m tO Xj , ... , X m . Theorem 1.2.1.
where the action of τ on Υ is trivial.
A proof of this theorem will be given in the end of this section, and now we formulate a corollary, important for applications, and prove several lemmas used in the proof of the theorem.
, where it is shown that the spectral sequence U(X(C); G, Z) for such a variety degenerates. From this it follows that the image of the homomorphism a:
Applying a to equality (1), we get equality (2) . In fact, as we already explained, a(H 2 
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Now it remains to observe that a(J?(x+ , ... , x+)) = i?(x+ , ... , x+). The corollary is proved.
Before formulating our lemmas we introduce additional notation. We choose a τ-invariant Riemann metric on X(C); let U be the open ε-neighborhood of X(R) with respect to this metric. Put si = π,Ζχ^)', then Zy is a subsheaf of si . Let V = n(U) = U/τ and let siy be the kernel of the restriction homomoφhism si -> si\ Y Since the sheaf homomorphism 3?
is an isomorphism, the homomorphism H\V,Zy)
where the composition of homomorphisms in the bottom row coincides with the homomorphism (4).
It remains to observe that the vertical homomorphisms in this diagram are monomorphisms. This follows from the second spectral sequence for the cohomology groups H"{V; G,Z V ), H"{D; G,Z V ).
The lemma is proved.
Lemma 1.2.5. The homomorphism H 2 (Y;G,Z)®H 2 (Y;G,sfy)-+H 2 (Y;G,s/)
induced by addition of sheaves Ζ θ sfv -* sf is an epimorphism. Proof. Consider the commutative diagram of exact sequences of sheaves 
Surfaces for which w 2 (X(C)) = [X(R)]*.
We begin with proving two lemmas. The lemma is proved.
Lemma 2.1.2. w 2 (X(C))=n*(w 2 (Y))+x.

Proof. Consider a triangulation of X(C) such that τ: X(C) -> X(C) is a simplicial involution and X(R) is a subcomplex. Then the quotient of this triangulation is a triangulation of Υ.
Let C be the two-dimensional chain equal to the sum of twodimensional simplices in the barycentric subdivision of the triangulation X(C), and let n{C) be the analogous chain for the corresponding triangulation of Υ; then C and n(C) are cycles and w 2 (X(C)) = C*, w 2 (Y) = n{C)* (cf.
[6]). It remains to observe that n*(n(C)*) = C* + χ. The lemma is proved. 
. , m -1} and that w 2 (X(C)) = [AT(R)]'. Then χ Ξ σ (mod 16).
Proof. Since χ -σ -2σ + (cf. [7] ) and σ + = σ(Υ), it suffices to show that σ(Υ) = 0 (mod 8 2 = 0 (mod 8). The theorem is proved.
Remark 2.1.4. In [1] there are two congruences for the Euler characteristic χ of a surface X with H\{X(C), Z) = 0 such that X(R) has only one nonorientable component. In the first congruence it is assumed that the quadratic form on H 2 (X(C), Z) is even, in which case X(R) is orientable (cf. [8, 9] ); thus the set of surfaces for which this congruence is proved in [ 1 ] is empty. The second congruence is a special case of Theorem 2.1.3.
The invariants μ(Χ) and u{X) and the cohomology class h.
In what follows we will repeatedly apply Corollary In what follows for a GM-surface X with v{X) < oo we shall always assume that h en*H 2 (Y,Z). ( Proof. Since all Af-surfaces and (M -l)-surfaces are GM-surfaces (cf. [4] ), the assertions of the theorem follow from Proposition 2.3.1, (iii) and Remark 2.3.2. The theorem is proved. This claim yields the following Fidler congruence for ΛΖ-curves of degree 4k, where k is an odd number: If the characteristic of each even oval is even, then p-n = -4 (mod 16) (cf. [2, 11] ).
ii) if the form Q is even on L and v(X) < μ(Χ), then
However it is quite possible that assertion (ii)' involves the empty set of surfaces, i.e., the following assertion holds:
(ii)" if X is an (M -\)-surface and χ, = 0 (mod 4) for i e {1, ... , m}, then χ = 0 (mod 32).
This last assertion certainly holds for surfaces with Hi (X{C), Z) = 0 since the condition χι = 0 (mod 4) implies that χ = 0 (mod 16) (cf. [1] ), and therefore the congruence χ = -4σ = ±8 (mod 32) is impossible. In particular, the assumptions of the Fidler congruence are not satisfied (this also follows from [2] , viz. assertion (4.3) in that paper is incompatible with assertion (4.7)). We observe that assertion (ii)" also holds if σ = ±2 (mod 16) since in that case the Gudkov-Krakhnov-Kharlamov congruence shows that χ = 0, ±4 (mod 16), and therefore χ ^ ±8 (mod 32).
